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Siegel varieties are locally symmetric varieties. They are important and interesting in alge- 
braic geometry and number theory. We construct a canonical Hodge bundle on a Siegel variety 
so that the holomorphic tangent bundle can be embedded into the Hodge bundle; we obtain 
that the canonical Bergman metric on a Siegel variety is same as the induced Hodge metric and 
we describe asymptotic behavior of this unique Kahler-Einstein metric explicitly; depending 
on these properties and the uniformitarian of Kahler-Einstein manifold, we study extensions of 
the tangent bundle over any smooth toroidal compactification (Theorem 11.41 Theorem 11.51 and 
Theorem 11.91 in Section 1). We apply these results of Hodge bundles, together with Siegel cusp 
modular forms, to study general type for Siegel varieties (Theorem 12.101 in Section 2). 



We begin by establishing the basic notation. 
Notation. 



Throughout this paper, g is an integer more than two. 

In this paper, we fix a real vector space Vk of dimensional 2g and fix a standard symplectic 
form tp = f j ~\ on Vr. For any non-degenerate skew-symmetric bilinear form ifi on V®., 

it is known that there is an element T G GL(Vr) such that t TtjjT = ip. We also fix a symplectic 
basis {ej}i<j<2 9 of the standard symplectic space (Vr,V0 such that 

(0.0.1) ip(ei,e g+i ) = -1 for 1 < i < g, and ip(ei,ej) = for \j - i\ ^ g. 

• Denote by V% := ©i<i<2gZej, then Vr = ®% R and V% is a standard lattice in Vr. In this 
paper, we fix the lattice V% and fix the rational space Vq := V% ®z Q- 

• For any Z- algebra £R, we define Vrn := V% ®z ^ and we write 

(0.0.2) Sp( 5 , 5H) := {h G GL(V m ) \ ip{hu, hv) = tp(u, v) for all u, v G V<n}. 



x Yi Zhang was supported in part by the NSFC Grant(#10731030) of Key Project "Algebraic Geometry" 
Date: June 28, 2012. 
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Since det M = ±1 for all M G Sp(g, Z), Sp(g, Z) is a subgroup of Sp(g, Q). 

• Denote congruent groups by 

(0.0.3) r fl (l) := Sp(<7, Z), r g (n) := {7 G Sp( 5 , Z) | 7 = J 2ff mod n} Vn > 2. 

Obviously, each T g (n) is a normal subgroup of Sp(<7, Z) with finite index. For convenience, 
we write T g for r s (l). 

• A subgroup T C Sp(g, Q) is said to be arithmetic if p(T) is commensurable with p(Sp(g, Q))fl 
GL(n, Z) for some embedding p : Sp(#, Q) —> GL(n, Q). By a result of Borel, a subgroup 
r C Sp(<7, Q) arithmetic if and only if p (T) is commensurable with p (Sp(g,Q)) D GL(n , Z) 
for every embedding p : Sp(g,Q) ^> GL(n'). We note that a subgroup T C Sp(g, Z) is 
arithmetic if and only if [Sp(g, Z) : T] < 00. 

• Let k be a subfield of C. An automorphism a of a -vector space is defined to be neat 
(or torsion free) if its eigenvalues in C generate a torsion free subgroup of C. An element 
h G Sp(g, Q) is said to be neat (or torsion free) if p{h) is neat for one faithful representation 
p of Sp(<7, Q). A subgroup T C Sp(g,R) is neat if all elements of T are torsion free. It is 
known that if n > 3 then T g (n) is a neat arithmetic subgroup of Sp(g,Q). 

The Siegel space Sj g of degree g is a complex manifold defined to be the set of all symmetric 
matrices over C of degree g whose imaginary parts are positive defined. The action of Sp(g, R) 
on 9) g is defined as 

( A B\ _ At + B 
{C D )' T '- Ct + D- 

It is known that the simple real Lie group Sp(g, R) acts on S) g transitively. A Siegel variety is 
defined to be A g j- := T\Sj g , where F is an arithmetic subgroup of Sp(g,Q). 

• A Siegel variety A g ,r is a normal quasi-project variety. 

• Any neat arithmetic subgroup T of Sp(<7, Q) acts freely on the Siegel Space S) g , then the 
induced A 9t r is a regular quasi-projective complex variety of dimension g(g + l)/2. 

• A Siegel variety of degree g with level n is defined to be 

Ag, n ■= T g (n)\f) g . 

Thus, the Siegel varieties A 9t n (n > 3) are quasi-projective complex manifolds. 

Acknowledgements. We would like to thank Professor Ching-Li Chai and Professor Kang 
Zuo for useful suggestions. The second author is grateful to Mathematics Department Harvard 
University for hospitality during 2009/2010. 
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1. HODGE BUNDLES ON SlEGEL VARIETIES 



Let T be a neat arithmetic subgroup of Sp(<7, Q). Let Vq be the fixed rational symplectic 
vector space as in the introduction of notations. 

The Siegel space S) g can be realized as a period domain parameterizing weight one polarized 
Hodge structures : 

Proposition (Borel's embedding cf. [Sat] fc[De!73]). Define 



biholomorphic. 

There is a natural variation of Hodge structures on the Siegel space S) g : 

Corollary (Cf.[Del79|). Gluing Hodge structures onS) g altogether, the local systemY := VtQXf) g 
admits a homogenous variation of polarized rational Hodge structures of weight one on S) g . 

Let o be an arbitrary fixed base point in A g r- Since S) g is simply connected, the fundamental 
group of A g ,r has TT\{A g ^-,o) = T. Then, there is a natural local system V 9i r := Vq xp $) g 
on Ag^r given by the fundamental representation p : ni(A g) r,o) — > GSp(V, ip)(Q). Actually the 
Q-local system V 9i r admits a variation of polarized rational Hodge structures of weight one on 
A g ,r '■= L\.f) 9 by using the arguments in Section 4 of [Zuc81| . More precisely, in our previous 
paper (cf Proposition 1.8 in Section 1 of [YZ11]) we obtain : 

1. The local system V 9i r admits a variation of polarized rational Hodge structures on Ar, and 
the associated period map attached to this PVHS is 



2. Let A g ^r be an arbitrary smooth compactification of A g ,r with simple normal crossing divisor 
Doo := A 9: r \ ^g,r- Around the boundary divisor Dqq, all local monodromies of any rational 
PVHS V on A g> r are unipotent. 

Now, we fix this rational PVHS V 9i r throughout this paper. 

1.1. Construction of Hodge bundles on Siegel varieties. Most materials in this subsection 
are taken from [Sch73l .[Sim90] and [ZuoOO . 

We note that EI := V 9i r<8>C is a flat complex vector bundle on the A 9t r with a flat connection 
D. There is a filtration of C°° vector bundles over A g; r = F 2 C F 1 C F° = H, whose fibers at 
each point r G A g ,r gives a Hodge filtration isomorphic to F* := (0 C Fj 1 C Vc). The vector 
bundle EI admits a positive Hermitian metric H induced by the polarization ip of the Hodge 
structures as follows: 

(1.0.5) < u,v >h-= i)(C T u,v) \fu,v G H T , 

where each C T is the Weil operator on the F*. We usually call this metric H the Hodge metric 
on EI. Let W p < q := ¥ p n W. The smooth decomposition EI = 0EI p ' 9 is orthogonal with respect 
to the Hodge metric H. 

Let D ' 1 be the (0, l)-part of the flat connection B and D 1,0 the (1, 0)-part of D. The D 0,1 gives 
a holomorphic structure on EI, so that Ti := (EI, D ' 1 ) is the corresponding holomorphic bundle. 



The map l : S) g 
F^ := the subi 




(1.0.4) 
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The B ' guarantees % has an integrable holomorphic connection B ,0 : % — > % <8> Q a ■ It is 

known that all subbundles F p 's admit the holomorphic structure B ' 1 naturally, so that we have 
the corresponding holomorphic subbundles J- p . Moreover, we have the Griffiths transversality : 

(1.0.6) B 1 ' : T p — ► J 71 ^ 1 ® Q\ sT ,\/p. 

Define E p,2 ~ p := J^p/J^p^ 1 We know that each holomorphic vector bundle E p,q is C°°- 
isomorphic to the vector bundle M p ' q . We set E := Gr(H.) = @ E p,n ~ p . The flat connection B on 

% actually induces a global holomorphic structure d on E such that each E p,q is a holomorphic 
subbundle od E. We write : 

(1.0.7) E p ' q = (M p > q ,d), and E = (0i M ,3). 

The holomorphic vector bundles E and E p ' q, s are endowed natural Hermitian metrics induced 
by H. For convenience, we still call these Hermitian metrics the Hodge metrics and still write 
these Hermitian metrics as H. 

Let T(A 9l r) be the real tangent bundle of A 9l r- According to ±\/— T-eigenvalues of the complex 
structure j'on T(A g ,r), there is a C°° decomposition T(A g ,r) ® C = T 1 - ^^) T ' 1 ^^). 
The real tangent bundle T(A 9: r) undertakes the holomorphic tangent bundle Ta 9 r := (P'A r ) V 
in sense that 

Let (p, g) be a pair of integers. For any local holomorphic vector filed of T_4 g r , there is a local 
CU 9 r -linear morphism 9 p,q {X) : -> E p -^ q+l by the Griffiths transversality fLOHl Then 

we get an Oy( g r -linear morphism 9 p,q : E p,q — > E p ~ 1,q+1 (g) r , and so we get the adjoint 

map 9 p H 1 ' q+1 * : E p ^ q+l £P>«® fi^ r of 9 p ' q given by < 0^(s),i > H =< s, 9 p H ~ 1 ' q+1 * {t) >jr, 
where s(resp. i) is a local section of i? p,l? (resp. £ ,p_1 ' l?+1 ). Clearly 9 p,q can be regarded as an 
0_A g r -linear morphism. The Higgs field on E is defined as follows : 

e = P ,i . ^ _^ ^ g, . 

p-9 p,9 p,g 

Respectively, the adjoint morphism of is defined to be 9* H := @9 P jf*. 

p,g 

Remark. Let A 1 be the dual of the sheaf of C°° germs of T(Ag t r)- Then there is a C°° splitting 
A 1 = A 1,0 © ^l ' 1 where ^4 1,0 (resp. A 0,1 ) is the dual of the sheaf of C°° germs of T4 flr (resp. 
Ta 9 r ) • We can extend 9 and 9* H naturally as C°° morphisms 

9:C co (E) — ■> C°°(£) ©.4 1 ' , 
^ : C°°(£) — ■> C°°(£) © 

where C°°(E) is the sheaf of C°° germs of -E. 

Let V# be the unique Chern connection on {E,H). Thus, the connection V# is compatible 
with the Hodge metric, and its (0, l)-part has V^ 1 = d. Define d := V^- 1 . We immediately 
obtain d 2 = d 2 = 0, and get the Chern curvature form 

e(E,H) :=V H oV H = (V 2 H ) 1 > 1 . 
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Lemma 1.1. We have : 

d(p) ■= doo + Ood = o, 

d(0* h ) := do6l + 9* h od = 0. 

Proof. One can find these two equalities in [Sim88j&[Sim90j. Here we give a direct proof. 

The morphism 9 is naturally holomorphic by the definition, so that the first equality is auto- 
matically true. Now, we begin to prove the second equality. 

It is sufficient to prove the equality at an arbitrary point p. Let (U, p) be a local coordinate 
neighborhood of p. Let {e a } be a local holomorphic basis of E. We then get a local holomorphic 
basis {e a } of E v \u := JIom(E\u, Ou) as follows : For each a, let e a be the dual of e a , i.e., 

e a 6 E y \jj such that e a {ep) = | q' ^ _^ ^' We call the local holomorphic basis {e a } of 

E v \u as a local dual base of {e Q }. Let {h,--- ,lm} be a local holomorphic basis of Ta 9 r and 
{01, • • • , cj) m } C Sl^ r its local holomorphic dual basis. Locally, we can write 

m 

i=l i 

where A 1 := A t f L e n <8> e^ and 



B i := Bj a e Q with £^ := H^A^H 5 ^, H a ^ :=< e a ,e^ > H ■ 

7,5 

Form the first equality in the lemma, we get 

m n m n 

(l.i.i) o = m = E 4^ A & = E E A tf a ® e/3 ^ A ^ 

i=l J=l i=l J = l 

where ^!j's for all j are covariant partial derivations of the tensor A 1 , and so we obtain 



A % g% = on [/ Vi, j,a,(3. 



On the other hand, we compute that 



m m 

(1.1.2) dO* h = J2J2 r, ',°i A ^=EE ® e ^ A 

i=l j=l i=l j=l 



where -B.j's for all j are covariant partial derivations of the tensor B % . It is well-known that one 
can contract the neighborhood (U,p) sufficiently small to get a special holomorphic local basis 
{e a } of E over U such that H{p) = Id, dH(p) = under the frame {e a }. Then, at the point p, 
We have : 

Thus de* h = at the point p. □ 

Corollary 1.2. Let (E,H) be Hermitian vector bundle in \l.U. 7\ We have : 

G{E,H) = -(8 A9* h + 9* H A0), 

0/\0 = -0(0) = 0, 
9* H A0* H = -d(9* H ) = 0. 
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Proof. It is known the flat connection loni has the following decomposition 

o = v H + e + e* H . 

Since B 2 = 0, we can finish the proof by the lemma 11.11 



□ 

Attached to the PVHS V 9i r, we finally obtain the associated Hodge bundle (E,9,H) on 
A g ,r, i-e., a holomorphic system 

(1.2.1) (E = ®E p ' q , 9 = @9 p,q ) 

with a Hermitian metric H satisfying the following properties : 

• E p,q are orthogonal to each other under the metric H ; 

• 9A9 = 0; 

. QP,q . EP> q ► £P-1,<?+1 <g) Q\ . 

The dual local system r = Vq x r Sj g admits a polarized rational VHS of weight — 1 on 
A 9t r, its associated Hodge bundles is {E y = © p+(?=1 E v ~ p '~ q , 6> v ) with 

Similarly, the local system End(V) := End(VQi) x-r fig admits a polarized rational VHS of 
weight on A g ,r, its associated Hodge bundle is (End(E'), 9 end ) with 

End(£) = E p ' q ® E y - p '- q ' 

(p-p') + (q-q')=0 

and the Higgs field 9 end : End(£) -> End(E) ® ft^ r given by 

r w (n«)w v ) = 0(i>)®v v +u®e v (-f v )- 
We notes that End(-E) has a holomorphic subbundle 

End(^)- 1 ' 1 = E™ ® E q - l > p+l , 

p+q=l 

= r E 0,ix®2_ 

We still use H to denote the induced Hermitian metric on E y and End(.E). Throughout this 
section, we now fix the Hermitian bundles (E, H), (End(E),H), and (E pq ,Hy S , (End(E)P> q , JET)'s. 

1.2. Degeneration of canonical metrics on Siegel varieties. Let w4. ffj r be a smooth com- 
pactification of «4 ff ,r such that the divisor = Ag t r\Ag t r is simple normal crossing. Since any 
local monodromy of V 9i r around is unipotent, the Hodge bundle (E, 9) has a Deligne's canon- 
ical extension (E = ®W^,9 = @W^) with : -)■ F^gfi 1 - (logA*,). Deligne's 

A a£ 

extension of (End(E),O end ) is (End(E),9 end ). The morphism 9 1 ' : S 1 - -> S ' 1 ®^ 1 - (logAxO 

represents the global section 6* 1 - G H°(A g p, -E 0,1 ® (logDoo)). Then, we obtain a sheaf 

A,,r 

morphism 



4j| , - loo /J. j 

Define the restriction map />o := H.4 



(1.2.2) prT^-logA*)— 
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Lemma 1.3. The holomorphic tangent bundle T4 r of A 9j r is a holomorphic subbundle of 
(E ' 1 )® 2 . Moreover, the morphism po : Ta bV — > (E ' 1 )® 2 i s an inclusion of vector bundles. 

Proof. We known that the vector bundles E ,0 , E ' 1 , Oj^ gV , Ta 9T , Q\ r are all Sp(<7,R)- 
homogenous, and the morphism 6 1,0 : E '° — > E 0,1 (g) p is a Sp(<7, M)-equivariant mor- 
phism. Thus, the morphism po : Ta 3T — > (E 0,1 )® 2 is Sp(<7,R)-equivariant. We verify the 
inclusion at the base point o £ A 9t r ■ At point o, we have E^X = El' Q ,EP^\ = m' 1 and 
TV C Hom(^T ' ,H Q ' ) = (H Q ' )® 2 by Borel's embedding. The construction of the Hodge 



bundle (E,9) shows that the inclusion Tj C Hom( H^' , Ho' 1 ) = (Ho' 1 )® 2 is just the mor- 
phism po at the point o. □ 

We now introduce an induced Sp(g, R)-invariant positive Hermitian metric H (Hodge metric) 
on Ag^r by the following inclusion 

Po : T Ag . T ^ End^)" 1 ' 1 C End(£). 

Let {h,--- ,l m } be a holomorphic basis of Ta 3 r on a local neighborhood (U, z) of A g ,r, and 
{(pi, • • • , 4> m } be the dual holomorphic basis of r over U. We define 



(1.3.1) H(k,lj) :=<po(li),Po(lj) >h ■ 

Since po can be linearly extended to a morphism of sheaves of C°° germs as well as 8 does, we 
then obtain a metric H on A gt r- The Kahler form of H on U can be written locally as 

m 

(1.3.2) Lj H =J2 H ( l i,lj)(l>iATj- 

i,i=l 

Theorem 1.4. Let T be a neat arithmetic subgroup o/Sp(<?,Z). 

T/ie induced Hodge metric H on the Siegel variety A 9) r = T\^ g is same as t/ie canonical 
Bergman metric. Moreover, the Chern connection of (7a r >-^0 is compatible with the Levi-Civita 
connection of the Riemannian manifold (A g> r,H). 

Proof. Notation as in the proof of the lemma [TTTl Since the Hodge metric H on A g r is Sp(g, R)- 
invariant and Sp(<7, R) is a simple group, it is sufficient to show that H is Kahler. 

Let p be an arbitrary point on A 9t r- Let U be a suitable neighborhood of p such that we can 
choose a local holomorphic coordinates (z\,- ■ ■ , z m ) satisfying 

T4 9 > = span{ A - ,^}. 

Let {e Q } be a local holomorphic basis of and {e a } the local dual holomorphic basis of E y . 
All calculation below are locally over U. 

We write 6 = Yli=i A l dzi, where A 1 = ^ Q ^ A^ a e a ® e' 3 £ End(E'). The Kahler form is then 

ft ft 
w# := V] H(li, lj)dz,i A cfej = ^ < yf, A3 >h dz,i A 

i,j=l i,j=l 

Thus, we have that 

duJu = < A\Ai > H ) A dzi A dzj 

m 

= ^2 (< V H A\AJ > h + < A\ V h A> >) A dm A da,, 
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where V# is the chern connection on (End(-E), H). For each i = 1, • ■ ■ ,m, We have : 

VhA* = dA i +dA< = dA 

n 
k=l 

Since d(9) = by the corollary \1.2\ we have 

(1.4.1) A£. A^Vi,j,a,5. 

Contract the neighborhood (U,p) sufficiently small, we can choose a special holomorphic basis 
{e a } of E over U such that H(p) = Id, dH(p) = under the frame {e a }. At the point p, we 
calculate 

(d 1,( W)(p) = ^2 ^2 < A l s*e a <S> e s , A^ T e T <g> el 3 > H dz t AdztAdz] 

m 

= A % mA 3 o° 'dz[ A dzi A dzj 
l,i,j=l a,j8 
m k 

j=l a,p i,l=l 
= 0. 

Similarly, d 0,1 u)H = at the point p. 

The rest is obvious. □ 

We still use H to represent the dual metric of p induced by (Ta 3 r ,H). We write @(7^A g r , H) 
(resp. B(f2^ , i/)) as the Chern curvature form of the vector bundle Ta 9T (resp. fi^ ). As 
the canonical Bergman metric on A 9: r is Kahler-Einstein, there is 2 ~J~_ 1 Tracer ( 9 (Ta s r , #)) = 
—Xloh, where A is a positive constant. Without lost of generality, we always assume A = 1 for 
convenience. 

Theorem 1.5. LetT be a neat arithmetic subgroup o/Sp(g,Z). Let A g p be an arbitrary smooth 
compactiftcation(not necessary smooth toroidal compactification) of the Siegel variety A 9j r '■= 
T\Sj g such that -Dqo = A g ^r \ A g> r is a simple normal crossing divisor. We have : 

1. The canonical Bergman metric H Cfm of A g v has logarithmic degeneration along the boundary 
divisor in sense of the following description : 

Let p a point in A 9t r with a coordinate chart (U,(z%,--- ,z n ))(n = g(g + l)/2) such that 

U n A,, r = ,zi,---z n ) | < \zi\ < l(i = l,---l), \zj\ < l(i = 1 + 1, • • • ,n) }. 

Let w can be the Kahler form of the canonical Bergman metric H c&n . There holds 

i 

<c(n-iogN) M 

1=1 

in the coordinate chart {(z±,--- ,zi,--- ,z m ) |0 < \zi\ < r(i = 1, • • • , J)>l z jl < r(J = 1 + 
1, • • • , m)} of p for a suitable r > 0, where C,M are positive constants depending on r. 

2. The Kahler form u; can becomes a closed positive current [cj can ] on A 9t r- 
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3. There is an equality ci(Sl~ (Ax>)) = [w can ]. The line bundle 

A g,r 

o^CAxO = /\ n^ >r (io g Doo) 

is numerically effective on A g ^r- 
4- The line bundle r (D OQ ) is big on A 9t r- 

Before proving the theorem 11.51 we review the theory of degeneration of Hodge metrics on 
any polarized variation of Hodge structures over a quasi Kahler manifold. 

Let X be an open Kahler manifold of complex dimension m. Let X be one smooth compact- 
ification of X such that the boundary D := X — X is a simple normal crossing divisor. Let 
7 : X ^4 X be the open embedding. Let V be an arbitrary polarized variation of real Hodge 
structures over X such that all monodromies around D are unipotent. Denote by V = V (8> Ox- 
Consequently, we have a Hodge filtration 

corresponding to the VHS V, where w is the weight of the VHS V. 

Let (Ai,z) C X be a special coordinate neighborhood, i.e., a coordinate neighborhood 
isomorphic to the polycylinder A m (A := {z G C | \z\ < 1}) such that 

XDA 1 ^{z = (*!,-• • ,z m )eA m I z^O,..- ,^0} = (A*) i x A m ~ l . 

We then have Ai n = {(z\, • ■ ■ , Z\,- ■ ■ , z m ) \ z\ ■ ■ ■ Z\ = 0}. For any real number < e < 1, 
let A e be a scaling neighborhood of X, i.e., 

A e C Ai and A e {(zi,-- , z h ■ ■ ■ , z m ) G A m | |z Q | < e for a = 1, • • • ,/}. 

Let 7 a be a local monodromy around z a = in Ai for a = 1, ■ ■ ■ I. Denote by 

N a = log 7Q := Va, 

then each Aq, is nilpotent. Let (v.) be a flat multivalued basis of V over Ai n X. The formula 

-1 - 

(v.)(z) :=exp(- — = Vlogz a JV«)(w.)(*) 
2tt\/ — l — : 
0=1 

gives a single-valued basis of V. Deligne's canonical extension V of V to Ai is generated by 
(v.) (cf. [Sch73] ) . The construction of V is independent of the choice of z[s and (v.). For any 
holomorphic subbundle M of V, Deligne's extension of M is defined to be U := V n j*AA. Then, 
we have extension of the filtration 

r-r t=0 -=1 -=w 

V = T D J D ■■■ D T DO, 

which is also a filtration of locally free sheaves. 

Let A" be a linear combination of N a . Then N defines a weight flat filtration W,(N) of Vc 
f [LWl1 . [Sch73] ) by 

C • • • C Wi_i(JV) C Wi(AT) c W l+1 {N) c • • • c V c . 

Denote by H 7 ^ := W»(X)a=l f° r J = 1> ' ' ' > ^- We can choose a multivalued flat multigrading 

V C = J] V^,... jft 
Pi,- A 
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such that 

I 

f) w i= E v *i,-a- 

j=l kj<pj 

Let h be the Hodge metric on the PVHS V. In a special coordinate neighborhood Ai, let v 
be a nonzero local multivalued flat section of V^,...^,, then (v)(z) := exp( — ^ £ ^^f s t ^ SL )v(z) is 
a local single-valued section of V. There holds a norm estimate (Theorem 5.21 in [CKS86J) 

\m\\k < c'\^^)^\^^)^ . . . (-bg M) fc < /2 

-log |«2 1 — log | Z 3 1 

on the region 

S(iVV-- ,Ni) :={(*!,••• ,zi,--- ,z m ) e (A*)' x A m_i | \ Zl \ < \z 2 \ < ■■■< \zi\ < e) 

for some small e > 0, where C" is a positive constant dependent on the ordering of {N%, N 2 , ■ ■ ■ ,Ni} 
and e. Since the number of the ordering of {N\, • • • , Ni} is finite, for any flat multivalued local 
section v of V there exist positive constants C (e) and M such that 

I 

(1-5-1) ||?y(z)|| ?i <C7"( e )(n-log|^|) M " 

Q=l 

in the domain {(z±, • • • , Zi, ■ ■ ■ , z m ) |0 < \zi\ < e(i = 1, • • ■ , I), \zj\ < e(j = I + 1, • • • , m)}. 

Moreover, since the dual V v is also a polarized real variation of Hodge structures, we then 
have that for any flat multivalued local section v of V there holds 

l 1 
(1.5.2) C;(JJ -log|z a |)- M ' < \\v(z)\\ h < C' 2 (H -log\z a \) M ' 

in the domain {(zi , • • • , zi, • • • , z m ) |0 < \zi\ < e(i = 1, • • • , I), \zj\ < e{j = I + 1, • • • , m)} for 
some suitable e > 0, where C 1 ,C 2 and M are positive constants. 

Proposition 1.6. Let X be an open Kdhler manifold of dimension m and X a smooth com- 
pactification of X such that the boundary D := X — X is a simple normal crossing divisor. Let 
(Ai, z = (z±, ■ ■ ■ ,zi,- ■ ■ , z m )) C X be an arbitrary special coordinate neighborhood in which D 
is given by \\ i= i Z\ = 0. 

Let V be a polarized real VHS on X such that all local monodromies of V around the simple 
normal crossing boundary divisor are unipotent, and h the Hodge metric on V = V (8> Ox- Let 
M be an arbitrary holomorphic subbundle of V and J\f its Deligne 's extension. 

We have 

1 

r(A e , AT) = {se T(A £ nX,M) \ \\s\\ h < C(^2 -log \z a \) M ) for some constants M,C}, 

a=l 

where A £ is a scaling neighborhood of X for a sufficient small e > 0. 

Proof. Let (v.) be a local flat multivalued basis of V over Ai n X, and so we have a local basis 
(v.)(z) = ex P(5^~?=Y X«*=l z aN a ){v ){z) of V. Denote by hij =< 5$, v~j >h ■ According to the 
estimate ll.5.2( there are positive constants C, M such that 

l 

(1.6.1) \h i:j \, det(hij), (det(^))- 1 < C(J2 lo § l^l) 2M 

0=1 

in a suitable neighborhood A e . One can use Proposition 1.3 in [Mum77j to finish the proof. 

□ 
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Proof of the theorem \1.5l 1 . 

2. By the lemma [L3l and the theorem 11.41 we can realize the holomorphic tangent bundle 7~A g r 
as a holomorphic subbundle of an Hodge bundle given by some PVHS, and The induced 
Hodge metric H on the Siegel variety A gi r = is same as the canonical Bergman metric. 
We then finish the first statement by using the estimate 11.5.11 

3. By the statement (1), we have 



/ |w ca n A £| < oo 



for any smooth (2(dim^4 ff) r) — 2)-form £ on A 9t r, and so the form u> can on A g> r defines a 
current [cj C an] on A 9t r as follows : 



< [w C an], 4> >= I [ 

JAg, T 



cj ra , n A 6 :-- 



Wean A (/), 



A 



where is a smooth (2dim(^4 S) p) — 2) form on A 9j r- 

We begin to show that d[w can ] = [cfcj can ] = 0. Let £ be any smooth (2dim(^4 9j r) — 3)- 
form on Ag : r- Let T$ be a tube neighborhood of Doo.n = A g< r — A 9: r with radius 5 and 
M s := A g ,v \ T s . Then 8T S = -8M S . By definition, < d[w can ],£ >:= - r w can A d£. On 
the other hand, we have that 



=< [dw can ],£ > 



(by Stoke's theorem) 



dw can A £ 



J A a ,r 






- -1 

J A g ,v 


^can 


Ad£ + f 
JA g 


- -j 


Wean 


Ad£ + lim 


J A a ,v 


Wean 


A d£ + lim 

<5^0 


- -1 


Wean 


A d£ - lim 


- -1 

JA g , T 


Wean 


A(f£. 



dM s 



dT s 



Here we use that ljjj has Poincare growth on to obtain 



lim / Wean A £ = 0. 
S-+0JBT8 



4. Since [w can ] is a positive closed current, it is a cohomology class on A 9i r of type (1,1). To 

prove that [w can ] represents the first Chern class ci(Q 7 (log Ax,)), we only need to show 

A g ,r 



the following equality 



< [w C an],f? > = < Cl(tt~ (logDoo)),7/ > 



for any closed smooth (2dim(^4 9 .r) ~~ 2)-form rj on A 9t r- 



12 
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Let 77 be an arbitrary closed smooth (2 dim(«4o r) — 2)-form on A g p- Let H be an arbitrary 



Hermitian metric on the bundle fi 1 - (log Doc). We have 

<ci(^ 1 I (logDoo)),?? > := / Trace 5 (6(0 1 J (log A*), #)) A 77 



-1 



2tT V /3 T 
-1 

where 0(0 ~ (log D^ ) , if ) is the Chern form of (fi~ (1°6-^)j^0> anc l 

-4g,r 



<9<91og(det#) A 77 
55 log(det iT) A 77 



< [Wean],?? > ■ = 



Wean A 7? 



27TV-1 
-1 



= / Trace# can 0(fiV r , -Hcan) A 77 



2tT V /= T 

Thus, it is sufficient to show that 



■A B ,r 

<9<91og(detf/ can ) A 77. 



A. 



g,T 



lim / dd log( ^ et ~^L an ) A 77 = 0. 
^0 J M . detH 



IM S 

We note that C '■= d log det H can — <9 log det if is a global (l,0)-form on -4 s ,r> we then get 



f ddlog( detH ™ n ) A 77 = / dCA7 ? 
JMi det i7 Jm 5 

C A 77. 



>dTs 

Using Proposition 5.22 in [CKS86], Kollar shows that the (l,0)-form ( near the boundary 
divisor Doo is nearly bounded (cf. [Kol87] ) . Thus, we have 

lim / C A 77 = 0. 

JdT s 

5. Since the metric connection form of any Hodge metric and its curvature form are both nearly 
bounded around the boundary divisor D^cf. Proposition 5.7 [Kol87j ) . we have : 

c^n 1 , (logA^))* 111 - 4 ^ = (_l=) dim -^r f Tv aC e H (e(n\ r ,H)) dhaA ^ > o. 

A e,v 27TV-1 JA g , r 



Since ojt (-Dqo) is a numerically effective line bundle on A„ r, we obtain that ujj (A») is 
a big line bundle by Siu's numerical criterion in }Siu93j . 

□ 

Remark. We should point out that the statement (4) is proven in |Mum77] by using some 
calculations depending on a smooth toroidal compactification A g r- Actually, the statement (4) 
can also be proven by Siu-Yau's result on compactification (cf. Lemma 6 in [SY82] ) or by Zuo's 
result on positivity (cf.Theorem 0.1 in [ZuoOO] ). 



Here is an interesting application of the estimates ll.5.1[ 11.5.21 and the proposition 11.61 : 
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Lemma 1.7 (Moeller-Viehweg-Zuo [MVZ07J). Let F be a neat arithmetic subgroup of Sp(g,Z). 
Let A g °Y be a smooth toroidal compactification of the Siegel variety A 9: r '■= such that 

:= J^gY \ -A-g,v is simple normal crossing. Let (£,0,h) be a homogenous Hodge bundle 
induced by PVHS on A 9t r- 

Deligne 's canonical extension of the bundle £ to A g j> coincides with the Mumford good ex- 
tension(cf. [Mum77| ) of £ to A g °Y by the Hodge metric h. 

Lemma 1.8. Let F be a neat arithmetic subgroup o/ Sp(<?, Z). Let -4.*°p be a smooth toroidal 

compactification of the Siegel variety A g .r '■= F\f) g such that := A g °^\Ag } r is simple normal 
crossing. 

We have the following identifications 

r 3 to r (-log J D 00 ) = Sym 2 (W), 

and 

dime A,,r 

u-fo* (£>«,) = A nL OT (log ) = (det Wfiy +1 . 

Proof. We know that there is an inclusion Tj^ gT (E 0,1 )® 2 . Since the Higgs field has the 
property 6 A 9 = 0, the holomorphic subbundle Sym 2 (£' ' 1 ) of (i? - 1 )® 2 must contain the bundle 
Ta q v According to rankc7yi g r = rankcSym 2 (-E 0,1 ) = g{g+\)/2, we obtain Ta 9 r = Sym 2 (-E 0,1 ). 

The holomorphic vector bundle Sym 2 (i? ' 1 ) on A g \ is Deligne's extension of Sym 2 (£^ 0,1 ). 
Using the proposition 11.71 in the next subsection, Sym 2 (i? ' 1 ) is also the unique Mumford's 
good extension of Sym 2 (-E 0,1 ) by the Hodge metric H. Shown in Proposition 3.4 |Mum77j 
TJjtor (— logDoo) is the unique Mumford's good extension of Ta r by the metric H. Therefore, 

7> r (-logA>o) = Sym 2 (W). 

□ 

Theorem 1.9. Let F C Sp(g, Z) be a neat arithmetic subgroup. Let A g °Y be a smooth toroidal 

compactification of the Siegel variety A 9t r '■= F\$j g such that Doo := Ag ^ \ A 9t r is a simple 
normal crossing divisor. 

The logarithmic tangent bundle 7^jt or (— log Doo) is a stable vector bundle with respect to the 

canonical Bergman current [w can ]. 

Proof. Let £ be Deligne's canonical extension of the Hodge bundle (E® 2 ,H), and E ' 1 be 
Deligne's canonical extension of E ' . By the lemma fl~3l and the lemma [L8l the logarithmic 
tangent bundle T-ftot (— log -Doo) = Sym 2 (£' ' 1 ), and so (— log -Doo) is a holomorphic sub- 

bundle of £ := E . 

Let Q be an arbitrary subbundle of £ and H an arbitrary Hermitian metric on Q. Let Qq := 
Q\a 9 v We know Q is just Deligne canonical extension of Qq. The degree of Q with respect to 
the Bergman current is defined as 

de g[uJcan] g:=<c 1 (g),[^ A ^- 1 ]>. 
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Let r\ := w dim -^9> r_1 . Similar calculation as (3) of the theorem 11.51 we have that 



deg Kan] <? = [ Traceg(G (£,#)) A [rj\ 

dd\og(detH) A [rf\ 



-1 



2vrV-l 
-1 

27TV /3 T 

-1 

-1 

27Ta/^T 



.4? or 



<9<91og(det.£f) A 



/ <9<91og(det-ff) A r/ H -= / <9dlog( — ) Arj 

JAa.T 27TV-1 i^, r detil 



.4 



9 ,r v - J ^ s ,r 

ddlog(detiT) A 77 



Trace^(e(g ,^)) A k-'can 

Since the canonical Bergman metric is Kahler-Einstein, this essential property implies that 
the logarithmic tangent bundle T-ttox (— logDoo) is a poly-stable vector bundle with respect to 

Atj.v 

H 

On the other hand, A 9t r is simple, then we obtain that the logarithmic tangent bundle 
T-rtor (— log £>oo) can not be decomposed into a direct sum by the argument in the third paragraph 

AgX 

of Page 272 in |Yau87) and the argument of Page 478-478 in [Yau93j . 

□ 

2. General type for Siegel varieties A 9t i 



All definitions and notations related to toroidal compactifications of Siegel varieties can be 
found in [AMRTJ, [Chaij . [FCj and [YZllj . We do not recite these definitions and notations in 
this section again, and use them freely 

Let $o be the standard minimal cusp of the Siegel space Let £g := {<r^ } be a suitable 
GL(g, Z)-admissible polyhedral decomposition of C^o) regular with respect to Sp(g, Z) such 
that the induced symmetric Sp(<7, Z)-admissible family {Xg}g of polyhedral decompositions is 
projective. 

For any positive integer I, let A g j to be the symmetric toroidal compactification of the Siegel 
variety A g j := T g (l)\Sj g constructed by {£g}g, and let 

Doo,l • Ag t l Ag t l 

the boundary divisor. For convenience, we write A g for A 9) \. 

2.1. Structures of morphisms A„ jm : A g>n — > Ag )m for all m\n. For any positive integer I, 
we sketch a key-step in the construction of the symmetric compactification A g i as follows : 

Let $ be an arbitrary cusp of depth k. L$(l) := T(l)nU^(Q) is a full lattice in the vector space 
U^(C), and its dual is M$(l) := Hom^ (Ly(Z), Z). Explicitly, let {Ca}i^ +1 ^ 2 be a lattice basis of 
Lg := Sp(<?, Z) n U^(Q) and {£ a }^* + 2 the associated dual basis of Mg := Homz(Lgr, Z); then 
■= ZC a }^ fc+1)/2 is a lattice basis of L$(l), and {S l a := ^}^ fc+1 )/ 2 i s the dual basis of M 5 (Z). 
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For any cone a £ Ey, we get a toroidal variety X a (l) := SpecC[<r v n Mg(l)]; we then have 
A$ >a {l):= the interior of the closure of m ^s m in X a (l) x Ts(l) m ^l m 

where T$(l) := SpecC[Mj(/)] is a torus; gluing all Aj jCT (/) as a runs through Egr, we obtain an 
analytic variety Z~(l) and an open morphism 7i4(Z) : £^(Z) — > Agj. As in Section 2 of [YZllj . we 
define 



Z s (l) :-- 



4(0 



r(z)nAT(^)/r(z)nz7^(R)' 

Let n,m be two positive integers with m\n. We are going to construct a natural morphism 
An, m : «4g,n — ► Ag t m- Given a cusp J and a cone a G Eg-, the inclusion of the algebras 
C[cj v n Mj(m)] C[<7 V n Mg-(n)] induces a finite surjective morphism A°" : X a (n) — > X a {m). 
Therefore, we have an analytic surjective morphism 

A| : A^(n) — * A 5j<T (m), 
such that any r -< cr there holds a commutative diagram 

Ay,r(n) C T — > % CT (n) 

open embedding 



A 5 



\ 17 



open embedding 

and so we obtain a morphism A^ : Z^(n) — > Z~(m) by gluing all A| Vcr G Eg-. Since r g (n) is a 
normal subgroup of r g (m), the morphism A^ reduces to the morphism 

A s : Zgr(n) -> Zgr(m). 

It can be verified straightforwardly that Ag's are compatible with the morphisms Ilg^^'s and 
the action of V. Therefore, we have a global morphism 

An,m • Ag 7 n Y Ag^rn- 

Let a be an arbitrary topo-dimensional cone in Eg . Consider the inclusion 

_^ C [a v n M 9o (m)] ^ Q(C[ ( r v n M 5o (n)]) 

where Q(C[cr v nMj (n)]) is the quotient field of the integral domain C[cr v nMy (n)]. The algebra 
C[cr v nA% (n)] is indeed the integral closure of C[cr v nM 5o (m)] in Q(C[cr v nM 5o (n)]). Then, the 
compactification A g ^ n is a normalization of the morphism A g ^ n — > Ag tTn and so the morphism 
Ag tn — > Ag tm factors through the morphism A n>m : A g%n — > A 3/m (cf. |FC| ) . Thus, we obtain the 
following commutative diagram of morphisms 

— ~T ^n,m — ~T 



m, 1 



Lemma 2.1. Let n,m > 1 be two positive integers with m\n. Let Eg := {c^ } be a T$ (or 
GL(g,Z))-admissible polyhedral decomposition o/C^o) regular with respect to Sp(g, Z). 

Let Ag tn (resp. Ag >m ) be the symmetric toroidal compactification of A g ^ n (resp. Ag jTn ) con- 
structed by Eg . The morphism A njm : A g ^ n —> Ag )T a has the following property: 

m 
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where Doo,m ■ A g ^ m \ A g ^ m Oflld Doo,n • "^g," \ ■Ag,n- 

Proof. By the construction of boundary divisors of Siegel varieties from edges of the fan Eg- in 
Theorem 2.22 of [YZ11], to study the relation between -Doo,m and -Doo,n is sufficient to study 
the morphism A^ ax : A# 0i(Tmax (n) -)■ A g0iCTmax (m) for any top-dimensional cone cr max in S 5o . 

We can choose a basis {Ca}? (£,+1)/2 of L 5o := Sp(g,Z) n U^'(Z) such that 

ff(ff+l)/2 

ffmax = { ^ A Q Ca I A Q G M> , a = l,--- ,g(g + l)/2}. 

a=l 

Let {<5 Q }? (9+1)/2 be the dual basis of {C«}? (9+1)/2 - Then 



fl(ff+l)/2 



v 

"max 



{ Yl A Q 5 a | A a eR> , « = ,3(5 + 1)/2}- 



0=1 



Since the inclusion — > C[cr v n M^ (m)] C[d v n Mj (n)] is of the following type 



— ► C[a;i,---a;i,---x s ( 5+ i)/2] ^> C[ ••• • • • ^/^ 9 ( s +i)/2] 

we must have A n , m -Doo,m = ^Ax),n- 



□ 



2.2. Siegel modular forms. Some materials related to the Satake-Baily-Borel compactifica- 
tion of a Siegel variety are taken from |BB66j . We set 

&~g := {F 1 GGrass( 9 ,y c )|V'(i ?1 ,i ?1 ) = 0,^^(F 1 ,Fi)>0}, 

d& g := {F 1 G 6 g W-L^F 1 ,F J ) > 0,ip(-,~) is degenerate on F 1 }. 

= {F 1 £&g~ IF 1 DF 1 is a non trivial isotropic space } 

A boundary component of the Siegel space & g = &(V,ip) is a subset in d& g given by 

^(Wr) := {F 1 G <5 g I F 1 n F 1 = Wr <8> C where Wr is an isotopic real subspace of }. 

A boundary component $(W) of the Siegel space & g is rational(i.e., $(W) is a cusp) if and only 

if W = Wq M, where Wq is an isotropic subspace of (Vq, 

Define := |J The set Sj* is stable under the action of Sp(g, Q). Actually, the set fj* 
cusp $ 

000 

is a disjoint union of locally closed Sp(g, Q)-orbits fj* = Oq \J 0\ \J • • • \J O g , and each orbit O r 
is a set of disjoint union rational boundary components with same rank, i.e., 

o 

O g . r := |J 

#(W) with dim M H/=r 

In particular, 9 = 5({0}) = Let T be an arbitrary arithmetic subgroup of Sp(g,Q). Let 
A* r := be the Satake-Baily-Borel compactification of ^4 g ,r- It is known that the 

analytic variety A* r has an algebraic structure as a normal projective complex variety. 

Let I be an arbitrary positive integer. It is known that there is $(W) — $) g -r for any cusp 
with dimjR W = r. Therefore, the quotient T g {l)\O g _ r is a disjoint union of [Sp(<7, Z) : T g (Tj\ 
locally closed subsets, and each disjoint component of T g (l)\O r is canonically isomorphic to the 
Siegel variety A g - r ,i- The Satake-Baily-Borel compactification A* t of the Siegel variety A g j is 

o 00 

A* g j :=T g (l)\% = (r g (l)\O )(j(T g (l)\O 1 )(j---[j(T g (l)\O g ). 
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o o 

In particular, we have A* g = A g \J A g -i U " ' U *^o- The construction of Satake-Baily-Borel com- 

pactifications shows there is a natural morphism 

(O i i\ X* • A* v A* 

for any two positive integers m,n with m\n. 

Definition 2.2 (Cf. [Fre| ). Let k > 1, n > 1, g > 2 be integers. A complex-valued function on 
Sj g is called a Siegel modular form of weight k, degree g and level n if the following 
conditions are satisfied: 

• / : S) g — > C is a holomorphic function; 

• f{T) = (f\i)(T):=det(Cr + D)- k f( 1 (T)) V 7 = ( i * ) G I». 



c D J 9 
Denote by 

Mfc(T g (n)) := {Siegel modular forms of weight k, degree g and level n}. 

Recall some important properties of Siegel modular forms (Cf. I Vej ') : Let / G Mfc(r ff (n))(p > 
2). The Siegel modular form / has an expansion of the form 

(2.2.1) f(r)= c(A)exp(^^Tr(Ar)) 

27leSym 9 (Z), J 4>0 

where c(A) are constant coefficients. The series 12.2.11 converges absolutely on $j g and uniformly 
on each subset of fi g of the form W£ = {X + y 7 — 1Y E $j g \ Y > el2 g } with e > 0. In particular, 
/ is bounded on each subsets. All coefficients c(A) for 2 A E Sym g (Z) and A > satisfy 

(2.2.2) cCVAV) = (det(y)) fc exp(-^^Tr(AT/C/))c(^) 

for any M G T g (n) of the form M = M(V, U) = ( V \ . The series \2~2~T\ is called the 



*V f 

Fourier expansion of /, and any c{A) with 2 A G Sym fl (Z) and A > is a Fourier coefficient of /. 

Let n be an arbitrary positive integer. Define t% = f ^ ^~\t ) * n ^ 9 w ^ r ' ^ > 0- 

By Proposition 1.3 in Section 1 [YZllJ, lim n corresponds to the following element in d&„ 

t—too 

( T 0\ 

1 

V o o/ 

Let W g be the one dimension isotropic real subspace of Mr generated by e g . F T > is actually in 
the cusp B(W g ). The properties 12.2.11 and 12.2.21 guarantee that any modular / G Mk(T g (n)) can 
extend to be a holomorphic function on 

U ft 

Cusp J with $(W g )^$ 



F t := the subspace of Vc spanned by the column vectors of 



we then have 



/W',J = &/((»' ^T<) );=,I, » (/,(T ' 



E c( ( I'-^v-lirTrt.lV'H. 

2 J 4'eSym g _ 1 (Z),A'>0 
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Therefore, for g > 2 we can define the Siegel operators <£ n : M^(r ff (n)) — > M/ C (r 9 _ 1 (n)) by- 
sending / to $ n (f) for all positive integer n. For any integers n > 1, k > 1, g > 2, 

S fc (r ff (n)) := {/ G M fc (r fl (n)) | $ n (/| 7 ) = for V 7 G T,}. 

is a set of all Siegel cusp forms of weight A;, degree g and level n. 

The Siegel space f) g has a global holomorphic coordinate system r. Define a standard Eu- 
clidean form dV on fj 9 to be dV T := Ai<i<j< g dr^ for r = {Tij)i<ij< g G -fj s . There is 

; M(T) = det(Cr + D)~^dVr for M = ^ \ G SpfoR). 

Let u^ g be the canonical line bundle on For any form <p = /\ drjj in r(^ ff ,w?' fc ), 

i<*<i<9 ' 9 

there is an associated smooth positive ( 3< - 3 2 l ~ 1 - > ; 9 ^ 1 ^ )-form 

l<i<j<9 ^ 

Lemma 2.3. Let n > 3, k > 1, g > 2 be integers. Let f G Mj.( s +i)(r g (n)) &e a modular form. 
With respect to the correspondence 

M k{g+1) (T g (n)) A r(^ 9 ,w| 9 fc ) r ^ n ) := {s G T(fj g ,oj^) \ s is T g {n) -invariant } 

f(r) — ► <Pf.= f(r)( A ^) 0fc , 

l<»<i<9 

i/ie following two conditions are equivalent: 
a) f G S fc(9+ i)(r fl (n)); 

5 J £/ie holomorphic form iff vanishes on all cusps of S) g . 
Moreover, if n > 3 i/ien faj or (b) is equivalent to the following 
(c) f Ag J<Pf ^Wf) l/k < oo. 

Proof. Let W s be the one dimension isotropic real subspace of Vk generated by e g . 
"(a) 44> (6)": We only show the case of n = 1, the others are similar. Suppose / is a cusp 
form. Then, / vanishes on the cusp $(W g ), and so / vanishes on any cusp $ with $(W g ) -< 
Since iff is a r s -invariant form, 99 vanishes on all proper cusps of 9) g . The converse part is obvious. 



Assume that n > 3. We begin to show that "(a) 44> (c)": 
We note that f A dVs < 00 where 

dV B (r) = det(Im(r))-( 9+1 ) f\ ^d nj A dryj, 

is the volume form of the T^-invariant Bergman metric on 9) g . 
• Suppose / is a cusp form. Then, 

/( (o v^iy )) = °( ex p(-|y)) fOT y» ' 



and so f A ^ ((p° f A (p° f ) 1/k < 00. 
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Suppose / is not a cusp. Then, there is a t' £ ftg-i such that $ n (/)(r') 7^ 0. Thus, there is 
a sufficiently small neighborhood U T > ^ of F T > x in Sj* such that |/(Z)| > c > on U T > ^ for 
some positive constant c. Therefore, 



00. 



r sW T .... 

□ 

Proposition 2.4. Lei re > 3, A; > l,g > 2 &e integers. Let A g , n be an arbitrary projective 
smooth toroidal compactification of A g<n with simple normal crossing boundary divisor := 

A gy n \ Ag^ n . 

Then, we have : 

r(^,„,c^ flin (A»,n)®*) = T(A g , n ,iof g J - M k[g+l) (T g (n)), 

r(A,n,^ 9 „( J D cx ,,n) 0fe - 1 8)^ 9i J^s %+1) (r s (re)). 

where lj^ is the canonical line bundle on A g ^ n and oj^ s n is the canonical line bundle on A g<n . 

Proof. With [AM RTj , Mumford shows in [M um77j that the canonical line bundle aj Ag n extends 
to an arnple line bundle Lg n 

on A* g n and that the canonical morphism 7r 9in : A g ^ n — > A* n is 
proper with Tf* g ^{L g>n ) = u^ gn (D 00>n ). 

• Then, A * gn = (W g>n ),0^ g n and so {W 9tn )*u^ g n { D oo,n) m = (7f g ,„)*(7f 9 ,„)*L 0fc L® k . Thus, 
r(^* nJ L®*) - T(A g , n ,(W g>n )*u^ g jD^ n )® k9 ) - T{A g)n ,u^ gn {D^ n r k ). Let j : A g , n ^ 
A* g n be open embedding. Since A g>n is normal and codim(^4* n \^4p )T i) = g > 2, we then have 
j,u^ n = L® k . Thus, r(.4* n ,L®*j - r(A g , n ,uf g J. That r^^j - M fc( , +1) (r g (re)) 
is obvious. 

• By the lemma 12.31 and the lemma 12.61 we have 

S k(g+1) (T g (n)) — {s € T(A g>n ,uf gn ) I f (sAs) 1 ^ < 00}. 

Shown in Theorem 2.1 of [Sak77], there holds 

{s e T{A g , n ,ufJ I ! (s a < 00} - r^,^^)^- 1 

□ 



IW 3 ■ 



'oa.n 



Remarks. Consider the short sequence 
we have : 

a) That s G r(^t flin ,cj^ an (Z) 0O)n )® fc ) = M A ( g+1 )(r g (re)) is a cusp form if and only if s\ Doo n = 0. 
Certainly, this result can also obtained by regarding the projective smooth toroidal com- 
pactification A g<n as the normalization of the blowing-up of A* g n along the ideal sheaf J 
supported on the subscheme A* n \ „4. 9in (cf. Chap IV }AMRT| ) . 

b) Since the line bundle uj-^ (Doo,n) is big, there is a finite positive number Nq such that 



dim c S fc(g+1) (r,(n)) _ dimcTiA^^jD^)^- 1 ®^] 



fc<?(9+l)/2 fes(s+l)/2 

for any integer k > Nq. 



> 
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2.3. A Criterion on varieties of general type. Let X be a complex manifold which is a 
Zariski open set of a compact complex manifold X such that such that the boundary D := X — X 
is divisor with at most simple normal crossing. Let L be a holomorphic line bundle on X. For 
any positive integer m, let $> m L be a meromorphic map define by a basis of H°(X,mL). The 
L-dimension of X is defined to be 



k{L,X) :-- 



max mgW(iiX) {dim c ($ m LpO)}, if N(L,X) / 
-oo, if N(L,X) = 



where N(L,X) := {m > | dim c H°(X, mL) > 0}. We call k(X) := k(O t (K t ),X) Kodaira 
dimension of X, and k(X) := k{0^{K^ + -D),X) logarithmic Kodaira dimension of X. 
X is said to be of general type(resp. logarithmic general type) if K(X)(resp. H{X)) equals 
to dimX. All definitions above are independent of the choice of smooth compactification of 
X(cf. [Iitaka77] ). 

By the theorem 11.5] we have : 

Corollary 2.5 (Mumford cf.[Mum77J). Let g > l,n > 3 be two integers. The Siegel variety 
•A.g,n is °f logarithmic general type. 

In this subsection, we study that how to use the method of cyclic covering to get a variety of 
general-type from a variety of logarithmic general type. 

Lemma 2.6. Let (X,D) be a compact complex manifold with a simple normal crossing divisor 
D. Let m, I be two arbitrary positive integers, we then have an isomorphism 

m-ple n-form on X with at most 
I -pie poles along D 



(2.6.1) H°(X,Ox(mKx+lD)) 



Proof. We have a system of coordinates charts {(U a , (zf, • • • , z%))} a on X satisfying X = (J Q U a . 
Let (j be a holomorphic section of Ch^(D) defining D. We can write a = {a a } a such that 
(a a ) = D n U a with the rule a a = S a pap Va,/3, where every 5 a p is a transition function of the 
line bundle O t (D). 

Let ip £ H (X,O(mK^ + ID) be a global holomorphic section. We write <p = {(p a } a such 
that 

fa = k™p?hp<PP ° n U a n Up, 
where every k a p = det(^k) is a transition function of the canonical line bundle Oj^(Kj^). Then, 
we obtain the corresponding m-ple n-form oj = {co a } a on X as follows: 

uj a := ^(dz? A • • • A dzT) m in U a . 

Conversely, let u be a m-ple n-form on X with at most /-pie poles along D. Since U a fl D = 
{zf ■ • • zf t = 0}, we have 

IJdz<! A---A<feg) m 

(,«).....(,«)•. <" u - 

where every Sj in an positive integer with Sj <l. Then, we can write u> = {w a } a where 

. f a (dzf A • • • A dzf) m 
u a ■= u\ Ua = j on U a . 

u a 

Since uj a = up on U a n Up, then 99 = {tp a } a defines a global section in H°(X, 0(mKj^ + Z.D)) 
with div((/?) ~ mKjf + ZD. □ 
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Lemma 2.7 (Kawamata cf.[EVj&[Kawa81J). Let X be a n- dimensional quasi-projective non- 
singular variety and let D = X^!=i Di ^ e a simple normal crossing divisor on X. Let d±, ■ ■ ■ ,d r 
be positive integers. There exists a quasi-projective nonsingular variety Z and a finite surjective 
morphism 7 : Z — t X such that 

i. 7* A = Nj(j*Di) red fori = !,-■■ ,r; 

ii. j*D is a simple normal crossing divisor. 

Theorem 2.8. Let X be a complex non-singular quasi-projective variety of logarithmic general 
type. There is a nonsingular quasi-projective variety Y of general type with a finite surjective 
morphism f :Y — >• X. 

Proof. Let n = dime X. Let X be a projective smooth compactification of X with a simple 
normal crossing boundary divisor B. Since k(Y) := k(Kj^ + B, X) = n, it is shown by Sakai in 
Proposition 2.2 of |Sak77] that for some integer N > there are meromorphic differentials 

770, • • • , Vn € H°(X, O t (NK t + (N - 1)B)) 

such that {f]i/r]o, ■ ■ ■ ,rj n /r]o} is a transcendence base of the function field C(X). 

Let d be an integer more than N. We use Kawamata's covering trick by setting d = N\ = 
N2 = ■ ■ ■ in the lemma 12.71 to get a projective manifold Yd and a finite surjective morphism 
/ : Y d — > X such that f*(B) = dDj, where is a simple normal crossing divisor on Y^- 

We begin to show that Y & is of general type. 

For any p G Y we choose a local system of regular coordinates {z%, ■ ■ ■ , z n ) in the polycylin- 
drical neighborhood U p := {\zi\ < r p , ■ ■ ■ , \z n \ < r p } of p such that if p G then the equation 
z\ ■ ■ ■ z s = defines D d around p. For q = n^ip), we choose a local system of regular coordinates 
(w%,--- ,w n ) in the polycylindrical neighborhood W q := {\wi\ < r q , ■ ■ ■ ,\w n \ < r q } of q such 
that if q G B then the equation w% ■ ■ ■ Wt = defines B around q. 

By definition, we have (f)~ l (B) C and f*W{ = Y[j z j* j e i with mj > 0, where e« is an unit 
around p. Thus we have f*^Hi = V] _)_ *i g f2 1 (log Dd) around the point p. 

Let u) G {770, • • • , r/ n } be an element. Since 



H°(X,Ox(NKx + (N-l)B)) 
we can write 



A^-ple n-form on X with 
at most (N — l)-ple poles along B 



(dwi A • • • dw n ) N 

u = g(w) jj gj on W q 

w x ■ ■ ■ w t 

where g(w) is a holomorphic function on W q and s\, ■ ■ ■ ,st are integers in [0, N — 1]. Around 
the point q, we then have 

ur \(TT ,,dwi A---dw n N 
0J = h(w){\ Wi){ y y on W q 

1=1 

where h(w) is a holomorphic function on W q . Since f*(B) = dDd, we get that 

t s 

r([lw i ) = ([[z i ) d -e around p 

i=l j=i 

where e is a unit around p, and we get that 

f(u) = k( Z )(flz l ) d ( dZlA -- dZn ) N around p 
J = l 
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where k(z) is a holomorphic function around p. Thus each /*(%) is regular on Y^- The lemma 
Essays that all /*(%),••• J*( Vn ) are in H (X,O T (NK T )). Therefore, ,/*(!*)} 
is a transcendence base of the function field C(y^) and Fd is of general type. 

□ 

2.4. General type of Siegel varieties with suitable level structures. From Kawamata's 
covering lemma 12.71 and the theorem 12.81 we immediately have : 

Corollary 2.9 (Mumford-Tai's Theorem cf. Chap. IV. [AMETj and |Mum77j ). Letg>l,l>3 
be two integers. There is a positive integer N(g, I) such that the Siegel variety A 9t ki is of general 
type for any integer k > N(g, I). 

Now we describe a relation between the existence of nontrivial cusp forms and the type of 
manifolds : The existence of a nontrivial Siegel cusp form implies the general type of Siegel 
varieties with certain level structure. Actually, the spaces of Siegel cusp forms supply the 
following effective version of Mumford-Tai's theorem : 

Theorem 2.10. Let I be an arbitrary positive integer and let g > 2 be an integer. If 

N(g,l) := min{£; € Z >0 | dim c S fe ( g+1 )(r s (7)) > 0} 

is a finite number then the Siegel variety A g ^l ^ s of general type for any integer N > max{|, N(g, I)}. 

Remark. The proposition 12.41 guarantees that N(g, I) is a finite integer if g > 2 and I > 3. 
There are also many examples from number theory showing that N(g, 1) is finite for some low 
degree g. 

Example 2.11. By the following list of examples of level one cusp forms for low degree g, the 
Siegel varieties A g ^ n below are of general type : 

(i) Ai, n for g = 2 and n > 10, (ii) Az.n for g = 3 and n > 9, (iii) A^ n for g = 4 and n > 8. 
• Case g = 2 : Igusa shows in |Igu64| that there is a cusp form xio,2 of weight 10 with 



development 

Xio ( T l O = (exp^y^In) exp(2^v / ^lT 2 ) + • • • )(vrz) 2 + • • • 

which vanishes along the "diagonal" z = with multiplicity 2. So the zero divisor of Xio,2 in 
A-2. is the divisor of abelian surfaces that are products of elliptic curves with multiplicity 2. 
Thus, there is a cusp form #2 := Xio 2 ^ 810(2+1) (T^)- 

Case g = 3 : Tsuyumine shows in [Tsu86j that the ring of classical modular forms ®MkiT^) 
is generated by 34 elements, and there is a cusp form Xi8,3 of weight 18, namely the product 
of the 36 even theta constants 8[e]. The zero divisor of Xl8,3 ° n -A3 is the closure of the 
hyperelliptic locus. Thus, there is a cusp form $3 := Xis 3 ^ 89(3+1)^3). 
Case g = 4 : Igusa shows in Igu81| that up to isometry there is only one isomorphism class of 



even unimodular positive definite quadratic forms in 8 variables, namely Eg. In 16 variables 
there are exactly two such classes, Eg © E$ and Eiq. To each of these quadratic forms in 16 
variables we can associate a Siegel modular form on I\ by means of a theta series: 6e s ®e s and 
0e 16 - The difference xs,4 := Qe s ®e 8 — &Ei 6 is a cusp form of weight 8. The zero divisor of xs,i 
on A\ is the closure of the locus of Jacobians of Riemann surfaces of genus 4 in Ai(cf.|Igu81 
and |Poo96| ). Thus, there is a cusp form #4 := y|,4 £ S§(4+i)(r4). 

However these examples for low genus Siegel varieties of general type are not optimal. Actu- 
ally, one has general type for g = 2, n > 4; g = 3, n > 3; g = 4, 5, 6, n > 2; g > 7, n > 1. The 
case Aq,i is still open, all other cases of low genus Siegel varieties are known to be rational or 
unirational. Except for the case A% 1, Hulek has completed the problem of general type for low 
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genus Siegel varieties (cf. Theorem 1.1 [HulOO]). 

In Section 3 of [YZllj . we show that there are some restricted conditions to get a projective 
smooth toroidal compactification of a Siegel variety with normal crossing boundary divisor. 
To prove the theorem 12.101 we need a projective smooth compactification of a Siegel variety 
with normal crossing boundary divisor. For further studies on non locally symmetric varieties, 
we prefer the following consequence of Hironaka's Main theorem II to directly refining cone 
decomposition in smooth toroidal compactifications. 

Theorem 2.12 (Hironaka cf . [Hir63] ) . Let C be reduced divisor on a nonsingular variety W over 
a field k of characteristic zero. There exists a sequence of monoidal transformations 

{ttj : Wj = Qz^AWj-i) -> Wj-! \l<j<l} 

( Qz{X) —> X means the monoidal transform of X with the center Z) and reduced divisor Dj 
on Wj for 1 < j < I such that 

i. W Q = W,D = C, 

ii. Dj = itJ 1 (Dj_i)(Here irj (Dj^\) is defined to be 7r*(Z)j_i) re dj, 
Hi. Zj is a nonsingular closed subvariety contained in Dj, 

iv. W* := Wi is a nonsingular variety and D^ := D\ is a simple normal crossing divisor on 
W*. 

Moreover, the map ir = ix\ o ■ ■ • o m is a proper birational morphism from W* to W such that 
the restriction morphism 7r|v^*\i? 00 : W* \ D^ — ^> W\C is an isomorphism. 

Proof of Theorem \2.1 (A We fix a r^ (or GL(<7, Z))-admissible polyhedral decomposition S^ of 
C(3o) regular with respect to Sp(c/,Z) such that the induced symmetric Sp(g, Z)-admissible 
family {Sj}^ of polyhedral decompositions is projective. 

Let N > max{f , N(g, I)} be an integer and define n := Nl. Since we fixed the decomposition 
£j , we have the following commutative diagram : 



The lemma [2TT1 shows that there is 



A* A* 

9j n 9 

where D^i := A 9yi \ A 9i i and D^^ := A g .n \ A g , n . ^ 

The components of the boundary divisor -Doo,n = A g ^ n \ A g , n may have self-intersections. 
However, Hironaka's results on resolution of singularities show that there exists a smooth com- 
pactification Ag.n of Ag )Tl and a proper birational morphism 

(2.12.1) v n . Ag.n y •Ag,™ 

such that 

• Ax>,n = ^*(-Doo,ra)red is a simple normal crossing divisor, A 9t n — -Doo,n = Ag )n , and the 
restricted morphism v n \A gn is the identity morphism; 

• furthermore, write -Doo,n = Yl\=i Di and let Di be the strict transform of Di, then 

I i 
K( D oo,n) = A + E, and = A + E Ted 

i=i i=i 
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(Here E Te & is the exceptional divisor of v n ). 
Then we get : 

I i 

^(Aso.n) = ^ Di + E = A + -^red + (E — -E re d) = Ax>,n + (E — E re d). 
i=l i=l 

Let fco := N(g,l) and let / 6 Sfc ( ff+1 )(r 9 (/)) be a non trivial cusp form. Let Of := f(dV) G 
r(-4 ff ,n> <^fg ) wriere is the standard Euclidean form on the Siegel space S) g . By the lemma 1231 
we have (Of A 0f) l / k < oo. Theorem 2.1 in [Sak77| says that Of defines a /c-ple g 2 -form 
on -4 9 , n with at most (& — l)-ple poles along I?oo,n> i.e., 

$ g e H°(Ag, n , u;f° ® Or ((k - l)Ao,n)). 

Let .D 9 be the Zariski closure in Ag >n of the zero divisor of / on A 9tn , and let be the 
vanishing order of / at the cusp $(W g ), where W g is the one dimensional isotropic real subspace 
of Vr generated by the vector e g . Since A g ^ n can be regarded as the normalization of the blowing- 
up of A* g n along the ideal sheaf J supported on the subscheme A* gn \ A g>n „ we have 

div(tf s ) = NmfU^D^n) + D g = NmfD^n + Nm f (E - E red ) + D g . 

Thus, we get 

^l„(ft-l)^,«) = (div(^)) 

= (^^(JVm/Socn + iVm/(E - £ red ) + D g ), 

and 

u;®*» = O^J^Nmf -k + lJDocn + iVm/CE - £ red ) + D fl ). 
Since -Doo,n, (-£■ — ^red) an d -D 9 are all effective divisors on Ag, n , we have that 

^ „( 5 oc,n)® feo C 0^ o (h{D^ n + {E — E rcd ) + D g )) C ujf k0 for > Nm f . 

Therefore lv ~ becomes a big line bundle on A„ n by the corollary 12.51 □ 

There is extensive work on the relationship between the existence of special modular forms 
and the geometry of moduli spaces of abelian varieties. The principal of using the existence of 
low weight cusp forms to study the Kodaira dimension of moduli spaces of polarized abelian 
varieties is first used in [GS96] and |Grit95j . our theorem 12.101 provides a different version of this 
principal. The principal is also efficient for studying moduli spaces of K3 surfaces and moduli 
spaces of irreducible symplectic manifolds (cf. [ Kon93| &: |GHS11| ): Gritsenko,Hulek and Sankaran 
have proven that the moduli spaces of polarized K3 surfaces are general type(cf.[GHS07]). 
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